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ABSTRACT: We construct gauge theories in two extra dimensions compactified on the chiral
square, which is a simple compactification that leads to chiral fermions in four dimensions.
Stationarity of the action on the boundary specifies the boundary conditions for gauge
fields. Any six-dimensional gauge field decomposed in Kaluza-Klein modes includes a
tower of heavy spin-1 particles whose longitudinal polarizations are linear combinations
of the extra-dimensional components, and a tower of heavy spin-0 particles corresponding
to the orthogonal combinations. These linear combinations depend on the Kaluza-Klein
numbers, and are independent of the gauge fixing. If the gauge symmetry is broken by
the vacuum expectation value of a six-dimensional scalar, at each Kaluza-Klein level three
spinless fields in the adjoint representation mix to provide the longitudinal polarization
of the spin-1 mode, leaving the orthogonal states as two spin-0 particles. We derive the
interactions of the Kaluza-Klein modes for generic gauge theories, laying the groundwork
for the Standard Model in two universal extra dimensions, and more generally for future

model building and phenomenological studies.
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1. Introduction

Six-dimensional (6D) gauge theories have intriguing properties that make them potentially
relevant for extensions of the standard model of particle physics [l]. For example, the
global SU(2)y gauge anomaly cancels only in the case where the number of quark and
lepton generations is a multiple of three [f]. Furthermore, simple compactifications of two
dimensions preserve a discrete symmetry which is a subgroup of the 6D Lorentz group, such
that the neutrino masses are forced to be of the Dirac type and proton decay is adequately
suppressed even when baryon number is maximally violated at the TeV scale [B.

As with any theory that has fermions in more than four dimensions, a major constraint
imposed by the observed properties of quarks and leptons is that the compactification allows
the existence of chiral fermions in the effective 4D theory obtained by integration over the
extra-dimensional coordinates. The simplest compactification of two extra dimensions,
namely on a torus, does not satisfy this constraint. A toroidal compactification, which
can be viewed as a parallelogram with the opposite sides being identified, leads to 4D
fermions that are vector-like with respect to any gauge symmetry. The next simplest
compactification, a parallelogram with the adjacent sides being identified, automatically
leaves at most a single 4D fermion of definite chirality as the zero mode of any chiral 6D



0 J3 24

Figure 1: The chiral square: the sides marked by thick lines are identified, and the sides marked
by a double line are also identified.

fermion [[f]. Identifying adjacent sides requires these to have the same length L, so that
the parallelogram has to be a rhombus in this case. For simplicity, we consider the most
symmetric compactification of this type: a square. As pointed out in [ff], this configuration
is naturally preferred by radion and moduli stabilization mechanisms, a simple example of
which is the stabilization by quantum, Casimir-like effects. We refer to this compactification
as the “chiral square”.

In this paper we study 6D gauge theories compactified on the chiral square. There are
various questions that we address: what are the boundary conditions for gauge fields on
the chiral square? what kind of gauge fixing conditions may be imposed in the 6D theory?
what is the spectrum of Kaluza-Klein (KK) modes for gauge fields? how does the Higgs
mechanism work if the heavy KK gauge fields acquire masses both from compactification
and from spontaneous breaking via a vacuum expectation value (VEV)? what are the
interactions of the KK modes? Related studies of gauge theories in six dimensions have
appeared in [f—R].

Before tackling gauge fields, let us recapitulate some properties of the chiral square
derived in ref. [[]. Figure [] shows a chiral square, with adjacent sides identified. This
space has the topology of a sphere, but has a flat metric except for conical singularities
at (0,0) and (L, L) (deficit angle of 37/2 each) and a third one at the identified points
(0,L) ~ (L,0) (deficit angle of 7). From this point of view there is nothing special going
on at the sides that are being glued together. It is nevertheless useful to formulate this
compactification by considering the above square region on the z* — 2® plane, together with
boundary conditions on the edges of the square that encode the identification of adjacent
sides. In particular, field values should be equal at identified points, modulo possible
symmetries of the theory. The physics at identified points is identical if the Lagrangians
take the same values for any field configuration:

Lzt y,0) = L(z*,0,y),
L(z",y,L) = L(z",L,y), (1.1)



for any y € [0, L]. For a free field ®, this requirement is consistent with
®(z",y,0) = e’ (z",0,y), (1.2)

for an arbitrary phase @, provided one requires a “smoothness” condition on the derivatives
normal to the “edges” of the square

85@’(334715):(%0) = _eiG 84‘13‘(14715):(0@) . (13)

Similar relations should be imposed at (L,y) ~ (y,L). However, it was found in [ that
this system admits nontrivial solutions only when 6 takes one of the four discrete values
nm/2, for n = 0,1,2,3. Only those fields that satisfy boundary conditions corresponding
to n = 0 admit a zero-mode. Furthermore, when considering 6D Weyl fermions, one finds
that their 4D left- and right-handed chiralities obey boundary conditions corresponding to
integers that differ by one: n; — np = +1, where the sign depends on the 6D chirality.
Hence, fermions propagating on this space lead necessarily to a chiral low-energy theory:
at most one of the left- or right-handed chiralities has a zero mode. This compactification
is equivalent to the T%/Z, orbifold [H].

The chiral square possesses a discrete Zg symmetry that acts on the right- and left-
handed components of 6D Weyl spinors as

-~
\I/j:R(.%'u, 1_4’ 1_5) — efz(nRi1/2)7r/2\IjiR(x,u7 .%'4, .%'5) ,

5 . e_i(n%:Fl/Q)n/Z\I]iL(xM’ $4, 335) , (14)

~—

\I’iL(a:“,:UA‘,:U

where + or — label the 6D chirality, and nf, nﬁ label the boundary conditions satisfied by
W, and Wipg, respectively. Note that each KK tower transforms as a single entity under
the Zg, i.e. the symmetry commutes with KK number. This Zg symmetry is at the heart
of the Dirac nature of neutrinos and the suppression of baryon number violation.

A KK-parity can also be naturally imposed on these scenarios and ensures that the
lightest KK particle (LKP) is a viable dark matter candidate [J]. This Z» symmetry
distinguishes among KK modes and acts as

DUR) () 1 (—1)IHF QUK (1) | (1.5)

where ® stands for a field of any spin, and j, k are integers labeling the KK level. The
KK-parity has a geometrical interpretation as a rotation by m about the center of the chiral
square. In particular, KK-parity requires that localized operators at (0,0) and (L, L) be
identical. Localized operators at (0,L) ~ (L,0) have coefficients that are, in general,
unrelated to those on the previous two conical singularities.

In section P we give the appropriate boundary conditions for gauge fields propagating
on the chiral square. We concentrate on those boundary conditions that preserve a zero
mode, i.e. we do not study the breaking of gauge symmetries by boundary conditions. Next
we turn to deriving the self-interactions of the KK modes in the mass eigenstate basis for
non-Abelian gauge fields (section []), gauge interactions of fermions (section []) and scalars
(section ). In section i we analyze spontaneously broken 6D gauge symmetries. We also



address in detail the gauge fixing procedure, with and without breaking by nonzero VEV’s,
discuss the associated ghost action and corresponding KK decomposition, isolate the linear
combinations of scalars that provide the longitudinal polarizations for massive gauge fields,
and identify the additional scalars coming from the extra dimensional components of the
gauge fields. We summarize and conclude in section [f.

2. Abelian gauge fields

Let us first study a 6D Abelian gauge field, A%(z?) with o, 3 = 0,1,...5, whose prop-
agation in the 2%, x5 plane is restricted to a square of size L (z¥, v = 0,1,2,3 are the

Minkowski spacetime coordinates). The action has the usual quadratic form in the gauge
field strength, F8,

L L 1
S:/d4x/0 dx4/0 da® <—1FaﬁFo‘ﬁ+£GF> : (2.1)

and includes a gauge fixing term, Lo, which we choose such that the mixings of A,
un=0,1,2,3, with A4 and As vanish:

Lor = —% [@LAM —&§ (0444 + (95145)}2 ; (2:2)
where £ is the gauge fixing parameter.

The action may also include localized kinetic terms at the fixed points (0,0), (L, L)
and (0,L) ~ (L,0). Such terms are generated radiatively, as was explicitly shown in the
cases of 5D theories [[(] and of 6D theories compactified on the T%/Z5 orbifold [[J], and are
phenomenologically important [i3, [[J]. In this work we assume that they are sufficiently
small that they can be taken into account perturbatively. Therefore, eq. (R.1) is our starting

point for the KK decomposition. We defer a detailed study of localized terms for future

work [[[4].

2.1 Boundary conditions

Integrating by parts, the action (R.) can be written as
P LR L 1 v 1 2 1 2 2
S=[d=z|[| dx dx —ZFH,,F“ - i(a“Aﬂ) +3 [(04A,)% 4+ (054,)°]
0 0

+ [(8MA4)2 + (3MA5)2 — 5(34144 + 85145)2 — (84145 — 35A4)2]

N | —

+ Oy [A48MAﬂ] + 05 [A58MA“] } . (23)

The last two terms are surface terms that are important in determining the possible bound-
ary conditions.



The variation of S with respect to A% must vanish everywhere in the bulk, leading to
the following field equations:

0" F + %8M3VA“ — (3 +02) A,

(0,01 — €07 — 92) Ay = (£ — 1)0405 A5, (2.4)

(0,00 — 97 — €02) A5 = (€ — 1)0405 A4 .

Furthermore, we require the surface terms in 65 to vanish everywhere on the boundary:

L x°=L
/ d*z {/ dat |:F5“(5Aﬂ + Fy50A4 + (a“Aﬂ — 04 A4 — 565145) 6145] -
0 25—
L =L
+ / da® [F4ﬂ6A“ — Fys0As + (0, A" — €04 A4 — €05 As5) 5A4] } —0. (25
0 zi=

This leads to boundary conditions that guarantee a well-defined, self-adjoint problem,
which in turn ensures that the differential operators in egs. (@) possess a complete set
of orthogonal eigenfunctions. Possible localized terms in the original action would give
additional contributions to eq. (R.H), and thus would correspond to a modification of the
boundary conditions. Requiring that the boundary contributions to S vanish also guar-
antees that there is no flow of charges, such as energy or momentum, across the boundary,
or that any flow is explicitly associated with localized terms that act as sources for the
corresponding charges. As already mentioned, we do not consider localized terms in what
follows.

As discussed in section [ll, we consider the case where the points (y,0) and (0,y) are
identified in the sense that the Lagrangians at these points are equal, and likewise (y, L)
and (L,y) are identified, for any 0 < y < L. Given that any matter field ® satisfies the
boundary conditions ([.2) and ([[.3), and analogous relations at the boundaries z* = L
and z° = L, the requirement that the boundary conditions are compatible with the gauge
symmetry implies

_ 0
D@l g1 45)=(y.0) = € Du®l(zt 251~ (09 »
1
Da®| (g1 )= (y0) = €7 D5P| (g1 45)=(0) -

D5q)|(m4,:v5):(y,0) = —¢” D4(I)|(x4715):(07y) . (26)

The first and second equations are derived by differentiating eq. ([.3) with respect to z#
and y, respectively, and then replacing partial derivatives by covariant ones,

Da = aoz - igGAa ) (2'7)

where the 6D gauge coupling, g, has mass dimension —1. The last equation in (R.6) is
obtained directly from eq. ([L.3).



Eq. (2.6) implies that the boundary conditions are invariant under 6D gauge transfor-
mations only if A,, A4 and A5 satisfy the “folding” identifications

Au(y,0) = Au(0,y),
Aa(y,0) = A5(0,y), (2.8)
A5(ya0) = _A4(0’y)a

and the same relations between fields at (y, L) and (L,y). These boundary conditions have
also been derived in [§].

Alternatively, one can understand the sign in the last equation of (2.§) by recalling
that the folding boundary condition ([L.9) is closely related to rotations by 7/2 about the
origin of the larger square —L < x* 2° < L. Under (z*,2%) — (=25 2*), the gauge field
satisfies the covariant transformation law (A4, As) — (As, —A4), and identifying boundary
points that differ by such a rotation leads to eq. (B-§).

In the presence of the folding identifications (P.§), eq. (R.§) implies that either the
gauge field values are fixed on the boundary (§A4, = 0), or else

FMS(y7O) - - u4(07y) )
Fi5(y,0) = Fi5(0,y), (2.9)
Ou A — € (D4 + 05 45)| e = [ GuA" — € (014 + 05.45)| a0y

In the latter case, differentiating eqs. (R.§) with respect to y and combining with eq. (P.9)
we find some constraints on the % and z° derivatives of A, on adjacent sides of the square.
For A, the full set of boundary conditions reads

Aﬂ(y70) = AM(an)a
O Apl(2t 25)=(y,0) = O5Aul (2t 25)=(0.9) » (2.10)
({9514“‘(364@5):(%0) = —8414“’(964@5):(0731),

and analogous relations at (y, L) and (L,y). The conditions on the A4 and A5 components
of the gauge field are more conveniently expressed in terms of the fields AL = Ay +iAs:

As(y,0) = FiAL(0,y),
ALt 55)=(y,0) = F105A%| (24 25)=(0,y) (2.11)
05 At ](01,0%)=(y,0) = £ 101404 25)=(0,) -
2.2 Kaluza-Klein decomposition

Without loss of generality, we may expand the fields A,, A4 in terms of complete sets of
functions satisfying the boundary conditions (R.10) and (R.11). Using the complete sets of




functions satisfying these boundary conditions found in [ff], we may write

1
Au@’,at,a) = 7 AP @)+ 205 70 et ) AR |

§>1 k>0

A+(.%'V,1' 20 ZZ (]k) A(]k)( )7
j>1k‘>0

A_(2¥, 2, 2° Zijk zt 2® A(]k)( YY), (2.12)
_7>1]<:>0

where j and k are integers, A,(Z’k) and Ag’k) are canonically normalized KK modes, and
the KK functions f, with n =0,1,2,3 are:

ik 1 jat + kad kat — ja®
fO(?Q )(x4,x5) — g 5j’0 [cos <7R =+ cos — R ,

. ;.4 k 5 k 4 _ .5
A5 o) = isin (‘7796 ; i >:FSin <7w ij > . (2.13)

These satisfy the two-dimensional Klein-Gordon equation,

(03 + 02 + M?) f9P(a*,2°) =0, (2.14)
where ) )
9o _J°+k
= (2.15)
with R = L/m, and are normalized so that
O I L I O R ORIt RO V) PRI
=) /0 da [fr(zj’ Nt x )] £ @t a®) = 8550 G (2.16)
Note that f; k) —f3 (k) , so that the explicit minus sign in the expansion of A4 shown in

eq. (R.13) leads to A(] ") A(] M* Derivatives along z* or 2° acting on the KK functions
satisfy

s f9R) (2, %) = irj My S8 (2, 27) (2.17)
where
O+ = 04 £ 105 (2.18)
and 7, are complex phases that depend only on the KK-numbers:
ik
o= (2.19)

/j2 + k2
Before inserting the KK expansions (2.19) into the action (2.3), note that

1 ik k
84145 —35A4 = fZZMJﬁA% ) ) G, )(1' 1’5)

§>1 k>0

Oy Ay + D5 A5 = —ZZ M AGP (27) R (44 25) (2.20)

7>1 k>0



where we defined at each KK level two real scalar fields, Ag’k) and Ag’k), by
APP = (AGY 50N (2.21)

The explicit factors of Mj;; in eqgs. (2.20) ensure that the scalars Ag’k) and Ag’k) are
)

canonically normalized. It is clear that Ag’k correspond to excitations which are invariant

under 6D gauge transformations: A, — A, + 0aX/g6, where x is a gauge parameter that,
like A, in eq. (.19), has an expansion in terms of fo(j ) The orthogonal excitations, Ag’k),
shift under such a gauge transformation and correspond to the Nambu-Goldstone modes
eaten by the massive 4D fields, Aff’k).

After integrating over z* and x°, we find the 4D Lagrangian for the KK modes (one
can check that the last two terms in eq. (R-3) give no contribution). The gauge boson of
level (0,0) remains massless, while the gauge bosons of level (j,k) with j > 1 appear as

massive vector particles in an R gauge, with a Lagrangian
1 , 1 N2 1 N
—ZF;SZJk)F(]’k)W + §Mj2,k <A,(f’k)> ~% <6“Al(j’k)> ’ (2.22)

where F,Sf,k) = 8MAl(,j’k) - BVA,(f’k) is the 4D field strength of level (j, k), and for the zero-
mode one just sets My = 0. At each (j, k) level with j > 1 one finds that Ag’k) and A(é’k),

as defined in eqs. (:20) and (R.21]), are mass eigenstates in the gauge defined by eq. (P.9),
and are described by the following terms in the 4D Lagrangian:

H(0ua0) -z (43) + (a8) -z (487)] . e

One can explicitly check that the field equations (P.4), when expressed in terms of Ag’k)
and Ag’k), are satisfied. In the unitary gauge, & — oo, only the Ag’k)(.%') scalars propagate
with masses Mj ., whereas the fields Ag’k) (x) are the Nambu-Goldstone bosons eaten by

the A,(f’k) (x) KK gauge bosons.

3. Non-Abelian gauge fields

The boundary conditions, KK decomposition, and identification of the physical states in
the case of non-Abelian gauge fields are analogous to the ones discussed in section P for
Abelian fields. In this section we present the self-interactions of the KK modes associated

with non-Abelian gauge fields, and then we study the ghost fields required by gauge fixing.

3.1 Self-interactions
The kinetic term of a 6D non-Abelian gauge field, A%, where a labels the generators of the

adjoint representation, is given by

1 1 1 2
—ZFggFaaﬁ =—7 (Fg, Fer —2F¢ F™) + S (FE)" . (3.1)



The gauge field strengths introduced here are defined by

Ff, = 0,A% — 0,A% + go [ AL AS

uvo
FY, = 0L A% — 0,A% + g f*" AL A, = FY, +iF,,
F{_ =0, A% —9_A% + g f ™A% A = —2iFf; (3.2)

where f%¢ are the group structure constants.
The trilinear terms included in eq. (B.]) are given by

— B g {aa9r A G, A7 4[4 A% 0,.4¢ + 240 AV (9,45 — 0,.45) +Hel} . (33)

Upon KK decomposition and integration over the z* and 2° coordinates, these give rise
in the 4D Lagrangian to trilinear interactions (proportional to the 4D gauge coupling,
g4 = g6/ L) among spin-1 modes,

_ g4fabcéé{éfg)(j2k2)(j3k3)A;(leJﬁ)aA(Vj2’k2)b 8MA(j3,k3)cu 7 (34)

as well as trilinear interactions involving one, two or three scalar gauge fields:

%fabc(sgjé%l)(j2k2)(j3k3)A(j1Jﬂ)a [—irjg,kQMjg,kQAgQ’kQ)bA(jS’kS)C“ _ (0“A$2’k2)b) Ags,ks)c

19y -

- §Tj3,k3Mj3,k3A$2’k2)bA(_]37k3)c:| +Hee. (3.5)

Here we used eq. (R.17) to express the d1 derivatives in terms of the KK masses.
We have introduced the following notation:

, , 1 L L , ,
S ). (Grobr) = 73 /O dz* /O da® flrkn) | plnkn) (3.6)

This integral was computed for r = 3 in ref. [}, and the result in the particular cases
relevant for trilinear interactions read

ULk Gask2) (s ks) _ 1
0 2(1+dj,.0) (14 855,0) (1 + 6550

) [75]'170(%2705]'3,0 + 5j1,j3*j2 5k1,k3—k2

.n N
+ (6j1,j3+k25/€17k3—j2 + 5j17k2—/€35k1,j3—j2) + (_Z) (6j1,j3—/€25/€17j2+k3 + 5j1,k3—k25k17j2—j3)

n
+ (_1) (5j17j2+j35k17k2+k3 + 5]'17]'2*]'35161,192—163 + 5j1,j2—k35k17j3+k2 + 5j17j2+k35k17k2—j3)] )

(3.7)
where m = —n mod 4, and we have used the fact that j = 0 implies £ = 0.
The quartic terms included in eq. (B.1),
2
96 rabc rade b pc pdp pev bcdelbcde
_Z6f f (AHAVA HA®Y — 24 AT ATMAC — §A+AA+A> ) (3.8)



lead to the following quartic interactions of the KK modes:

_ g_zfabcfade 58%76%)'“(]'4,164)14}(3’1,&)bA(j2,k2)CA(jB,ka)dMA(j47k4)€V
4 ,0,0, v

+ 26(j17k1)"'(j47k4)AE£17k1) CA(J'2J€2) € AG3,k3) b A (Ja,ka) dpe
- 14

3,1,0,0
1 /s y . , o (i . .
. 55:()31:;11) (]4’k4)A£fl’kl)bA£]2’k2) ASZS,kS)dA(EAL,k‘AL) . (3.9)

Of particular interest for phenomenolgy are vertices involving at least a zero mode, and

for those one can use eq. (B.7) because

i1,k1)(j2,k2)(43,k , 1,k1)(j2,k2)(43,k
57(1171%7017())(32 2)(43,k3)(0,0) :57(37%’01)(12 2)(js k) (3.10)

In order to extract the interactions of the physical states, the Ag’k)a complex scalars

have to be replaced in eqs. (B.5) and (B.9) by the two real scalar fields, Ag’k)a and Ag’k)a,
as prescribed by eq. (R.21]). These heavy 4D scalars are in the adjoint representation of the
non-Abelian gauge group, so we will refer to them as “spinless adjoints”.

3.2 Ghost fields

For completeness we now turn to determining the ghost action associated with the gauge
fixing term given by the obvious adaptation of eq. (B-3) to non-Abelian fields. This arises

from inserting in the path integral a factor

/Dxé[G(A)]det <5G§Ax)> =1, (3.11)

X
where x is the gauge transformation parameter, AX is the transformed gauge field, and the
gauge fixing condition is

G(A) = M A% — € (DA + B5AL) — ", (3.12)

for arbitrary functions w®. After integrating with a Gaussian weight over w® one recovers
eq. (B-2). Since
1
(Ag)* = AL+ —Dax", (3.13)
96

with D, the covariant derivative in the adjoint representation, we find

5G(§;<4X) = 9—16 [8MDM —¢ (84D4 + 85D5)] . (3.14)

These terms in the Lagrangian may be taken into account by including a ghost term in the

6D action, given by
- [a“DM —¢ (84D4 + (95D5)] <, (3.15)

where ¢® is an anti-commuting 6D scalar in the adjoint representation of the gauge group.

The above procedure did not take into account the compactification of the two ex-

tra dimensions and the associated boundary conditions. The free part of the 6D ghost
Lagrangian (B.15) is

—c° [(%8“ - ((92 + ag)] c*, (3.16)

,10,



which up to the factor £ is the same as for a scalar. It follows that the KK expansion for
the ghost fields can be written as

1 ) .

a 4 .5\ _ — (4,k) a G,k) (4 .5

Pt a7 = ] 32 R ), (317)
]7

where the f,S;”“) belong to one of the sets of KK functions defined in egs. (.13). The KK
modes c(j’k)“(aﬂ“) have mass \/§M; . It would appear that n. can take any of the integral
values 0,1,2,3. However, for n. = 1,2,3, the ghost fields lack the zero modes necessary
to ensure the gauge invariance of amplitudes involving the zero-mode gauge fields. More
generally, since Au(m“,x4,x5) satisfies boundary conditions with n = 0, the necessary
relations between the couplings involving only gauge fields and those involving ghosts and
gauge fields can be satisfied only if the ghosts satisfy the same boundary conditions as A,,.
Therefore, only the value n, = 0 is allowed. The zero mode ¢(%9 is the ghost required by
4D gauge invariance.

After integrating by parts eq. (B.15), the interactions between gauge bosons and ghost
fields are given by

1
g6fabc(au5a)AZCc _ §£g6fabc [(&LE“)AI’_ + (O,EG)AI_L] CC’ (3.18)

where Ay were defined before eq. (:11]) and 91 were defined in (R-I§). It is worth pointing
out that the boundary conditions for ¢® given in eq. (B.17), together with the boundary
conditions for A4, As discussed in section [, ensure that one can freely integrate by parts

eq. (B.1§) without generating surface terms.
Using the KK expansions (B.17), as well as eq. (2.20), eq. (B.1§) leads to KK interactions
between ghosts and gauge fields:

g4fabc5(()j(1]7k1)(j2,k‘z)(J’S,kS) (3#5(11,161)&) AEZ?,’C?)bC(jSka)C, (3.19)

"y

and between ghosts and the “spinless adjoints”:

- %94fabcﬁrjl,k1Mjl,kl5?(){1,’51)(jQ’kQ)(j3’k3)E(j1’kl) agU2k2)b (s ks)e | . (3.20)

where we used eq. (.17) to simplify the derivative, and Ag’k) are given in terms of the
mass eigenstates A(é’k) and Ag’k) by eq. (R.21]).

4. Gauge interactions of fermions

The 6D chiral fermions have four degrees of freedom, and the Dirac equation can be written
using a set of six anti-commuting matrices, I'*. We use here the following 8 x 8 represen-
tation:

MH=ar®c" | T =iy @o? (4.1)

where y#, are the 4D ~-matrices, v5 = i7°v'9%73, 0¥ is the 2 x 2 unit matrix and o’ are

the Pauli matrices. The 6D fermions have + or — chirality, defined by the eigenvalue of
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the I = —75 ® o> chirality operator: TV, = 4+W,. A 6D chiral fermion includes both 4D
chiralities: v5 ® O'O\IfiL =—-V,, and 5 ® O'O\IfiR =Vy,.
It is useful to define

I's=_ (I +il?), (4.2)

MlH

and to observe that

P Py = Fil°PLPy
[ PrPy = +il°PrPy (4.3)

where P, r, P+ project on the respective 4D and 6D chiralities, from which it follows that
e, =T v, =T"v_, =T"y_, =0. (4.4)
The fermion kinetic term can then be written in terms of 4D chiral components as follows:

iU TD Uy =i (Uy, "D, Wy, + U, T#D, Uy, + U, T¥D 0y, + 0, ,TTD, T, ) .
(4.5)
Here Dy = D4s+1iD5 and D, is the covariant derivative defined in eq. (@) with either A,
being an Abelian gauge field, or A, = T*A?% where A2 is a non-Abelian gauge field and
T“ are the gauge group generators corresponding to the representation of W.
The KK expansions of a 6D fermion of + chirality with a left-handed zero mode
component are [,

1 Jk 4 Jk) v 1
Uy =7 4‘2{32{31? (2, 2° (@) | ® NE
§>1 k>0
V 0
‘I’+R:—_erjkf3]k 21, 25U (@ )®<1>, (4.6)
7>1 k>0

while those containing a right-handed zero mode are,

k k), 1
Ve, = 2SS G e ) e <O> ,

j>1 k>0

U, =

R

=

R DN I C R A ) ®<(1)> . (4.7)

i>1 k>0

The phases of the KK functions for left- and right-handed fermions are correlated, but one
can choose an overall phase such that the functions f,(z*, 2°) with n = 0,1,3 are given
in eq. (2.13). For a fermion of — chirality, the same equations are valid except for an
interchange of the L and R indices.

After integrating the 6D fermion kinetic term shown in eq. () over x* and %, the
4D Lagrangian includes the usual kinetic terms for all KK modes, mass terms of the type
M;, k\I/(] k)\IJ( k) + H.c., and interactions among KK modes. The latter ones, in the case
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of a fermion with + chirality having a left-handed zero mode, include interactions of the
\IIS_ L) fermions with a spin-1 KK mode,

s 58]’(;751)(12,162)03,1?3) @Sﬁlkal)Agz,m),yu\pggvakS) 7 (4.8)

"y

(s )

interactions of the \IJ fermions with a spin-1 KK mode,

— g4 55{5:?)02’k2)(j3’k3)7"}k1 ki Js,kg‘I’(]l’kl)Afo’kQ)V”‘I’gf?i%kB) ; (4.9)

and gauge interactions of the fermions with the spinless adjoints,

— g 5(]1’kl)(]2’k2)(j3’k3)7“;2 ks s \I/(]l’kl) (AgQ’kQ) + iA(ééJ@)) \Ilgﬁéka) + He. (4.10)

The 5(Jlk1)(12,k2)(33k3)

.0 coefficients with n+7 = 0 are given in eq. (B.7), the complex numbers

r;r are given in eq. (R.19), and g4 = ge/L is the 4D gauge coupling.
In the case of a fermion with + chirality having a right-handed zero mode, the spin-1

(J7 )

KK modes have interactions with W»" given by

ga O ) G g G ) g k), (4.11)
and interactions with \I/( k) given by
— g 5§J6’f1)(j27k2)(j37k3)rjl,k1 e kS\I,(Jl,kl)Agz,k2),yM\I,$?i,k3) , (4.12)

while the gauge interactions of the spinless adjoints with the fermions are given by
— 194 5((){§:f1)(j27k2)(j37k3)71]27k2 T'js ks \I/(]l’kl) (Ag%]@) B iAg27k2)> \Ilgzijka) + H.c. (4'13)

A 6D fermion of — chirality has the same gauge interactions as W except for an
interchange of the 4D chiralities. More explicitly, if ¥_gz has a zero mode, then the gauge
interactions of U_p and W_, are as in egs. ([.§)-({.10) with an interchange of the L and
R indices. If W_j has a zero mode, then ¥_p and W_j have gauge interactions given by

eqs. (.11)-(E13) with L and R interchanged.

5. Gauge interactions of scalars

Consider now a 6D scalar field ® transforming under a certain nontrivial representation of
a gauge symmetry, with an action given by

L L 2
Se :/d%/ dw4/ dz® [(D@)TD%—M(I%@T@—% (<1>T<I>) ] . (5.1)
0 0

where \g is a parameter of mass dimension —2, and D,, is the covariant derivative associated
with a gauge field A%, as in eq. (R.4). As in the previous section, we use the short-
hand notation A, = T*A% where T are the gauge group generators corresponding to the
representation of .
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The KK decomposition of the scalar has been derived in [d]:

O(zH, 2t 2%) = % Z SUHR) () fUR) (54 25 (5.2)

(k)

with n = 0,1,2, or 3. The scalar KK modes ®*) have masses

MPP =\ /Mg + M2, (5.3)

where M, ;, are the KK masses given in eq. (R.15).

Using the KK decomposition of gauge fields given in eq. (R.19), and integrating over
the extra dimensional coordinates, we find that the 4D Lagrangian includes interactions of
two KK scalars with one spin-1 KK field,

iga 5536’]:;)(]2’k2)(j3’k3)(1>(j1’kl)TAEZQ’RQ)a“‘I)(jS’kS) +H.c., (5.4)

as well as interactions of two KK scalars with two spin-1 KK fields,

925%101]8}%"'@4’]“4)q>(j17k1)TAg27k2)A(j37k3)M P daka) (5.5)

(0,0)

In particular, the interactions of the A, fields are dictated by 4D gauge invariance.

The 4D Lagrangian also includes interactions of two ®¥) scalars with one of the Ag’k)

and Ag’k) spinless adjoints,

4 i k k k i1,k1)(j2,k2)(43,k k
LMy @V [(6531;nﬂﬁj2’ O e = OO O ) AR (5.6)
S e PG R Ll oA mma,,ks)A(éQ’kQ)] P+ Ee,

[here we replaced the derivatives using eq. (2.17)], interactions of two ®U*) scalars with
two of the spinless adjoints,

Gy OS5 O URT (AR g o)) (AGos) 4 jaGeRs)) @liake)
(5.7)

and, finally, self-interactions of the ®U*) scalars

_£5(j1,k1)...(j4,k4) PRI P 2k2) @ Uska )T @ (Jaska) (5.8)

) n,n,n,n
where Ay = \g/L? is the 4D quartic coupling.
6. Spontaneous symmetry breaking

We now discuss the case where the gauge symmetry is broken by the VEV of a 6D scalar
®. The action is given in eq. (b.1)), with MC% < 0. By adding an irrelevant constant, the
terms in the 6D Lagrangian that include ® can be rewritten as

1 2
Lo = |Da®* — ) <<I>T<I>—§v6> : (6.1)
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where vg > 0 is the 6D VEV, which has mass dimension two and is defined by the relation
o 1, o
—Mq) = 5)\6’06 . (62)

Let us focus on the case where the gauge group is SU(NN) and the scalar ® is in
the fundamental representation of the gauge group. The formulae we derive below also
apply (with trivial modifications) to SO(N) or U(1) gauge groups. In order to analyze the
spectrum and interactions in the presence of the 6D VEV, we parameterize ® as

P = %(vﬁ +h)U,dg, (6.3)

where &y = (0,...,0,1) defines the direction of the VEV, h is the single 6D real scalar that
is orthogonal to the Nambu-Goldstone modes, and U, is an unitary matrix that depends
on the 6D Nambu-Goldstone bosons, n®:

U, = /v, (6.4)

a

where n = n?X?, with X the broken generators. The sum over a includes the 2N — 1
generators of the coset SU(N)/SU(N — 1). In terms of h and 7, the Lagrangian (b.1) is
given by

1 A6 1 S . 2,
Lo = 5(aah)2 -3 h? (206 4+ h)? + 5 (v + h)? & |UL0.U, — zg6U;AaUn( dy. (6.5)
where A, = A2T*?, with a running over all group generators 7.

6.1 Physical states

Expanding U,, in powers of 1, we find the terms in L¢ that are quadratic in n or Ag:

(1 2
vg f (Q%m - gﬁAa> Py . (6.6)
After integration by parts, these become

& [(9am)? + gov6 {1, 0 A%} + g2vE AaA] By, (6.7)

N |

where {...,...} is the anticommutator. We see that n® mixes with the broken components
of both AZ and 04A7 + 05A2, where the latter includes the KK modes Ag’k)a that are
eaten by the spin-1 modes in the limit of zero VEV [see eq. (2.20)]. In order to make the
physics more transparent, we modify the gauge fixing term (R.2) to

1 2
br = —gg | A" —E(OuAT + 0549) + Egovon’] (6.8)

where it is understood that n® is non-vanishing only along the direction of the broken
generators. The terms involving the unbroken components of AZ remain as in eq. (2.9).

Since @3 {n, 0, A“} dy = 20?0, A%, where a runs over the broken generators, the crossed
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terms in eq. (6.§) involving n® and Af, cancel the corresponding terms in (b.1). The
remaining terms in eqs. (6.7) and (6.§), involving 7, A4 and As, are then

O [(0an)? — gavd AL A_ — € G2udn* + gove (€ — 1){n, DAy + D5 A5}] Do, (6.9)

DO | —

together with the second line in eq. (R.3). Here we used A%A%* = A% A#* — A% A, where
= Ayt iAs.
We turn next to the KK decomposition. This is achieved by using the KK expansions
for A% and A%, eqs. (B.13), supplemented by

h(m“,x4,x5) = Zh(Jk f(J’ (:U4 :U5)
Jk)

a 4 5\ _ k) a (k) 4 5

Wt a?) = E(Zk)”(] (@) 199 2%) (6.10)
]7

In assuming a constant VEV for ® we have implicitly imposed that it satisfy boundary
conditions with n = 0, a fact we used in egs. (p.10).

Using eqs. (R-20) as well as the orthogonality of the KK functions fy Gk , it is now
straightforward to obtain the new terms in the KK action. One finds new mass contribu-
tions proportional to the VEV for the broken components of A,(f’k)a and Ag’k)a modes,
where the latter ones are defined in eq. (.21)):

—%941» & (AGH AT AGD AT g (6.11)

These, together with the mass contributions due to momentum in extra dimensions, shown
in eqs. (R.29) and (R.23), lead to masses for these modes given by

MPP =\ M2, + gl (6.12)

with M; . defined by eq. (B.19). We chose to express these results in terms of the 4D gauge
coupling, g4 = g¢/L, and the 4D VEV, vy = vgL, with mass dimension one. Also, from
eq. (B3), the masses of the h7F) real scalars are given by

M =\ M2+ A (6.13)

where Ay = \g/L? is the 4D quartic coupling.

Finally, the mass terms involving nU*) and Ag’k) [see eqs. (b.9) and (R.23)] mix these
modes, such that, for the components along the broken generators, the physical states are
given by the linear combinations

1(j,k)a 1 k) a ik)a
A(GJ ) W (Mj,kAg ) + g4vy 77(] k) ) ,
A
. 1 . .
=(j,k)a _ CoUk)a (J,k)a
n ! o Mf(lj7k) (M]’kn ’ g4U4AG > ’ (6.14)
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for 7 > 0 and k£ > 0, while for j = kK = 0 we define
ARDe = y00a (6.15)

This latter mode is eaten by the would-be zero-mode of the gauge KK tower. The free
Lagrangian terms for these states are

1. i\ 2 R (i) 2 G\ 2 N 2]
50 {(amm) = (M§DFO) 4 (9,45M) — em? ) (AG") }@0, (6.16)
while for the unbroken components it is given by
1 k) a 2 i,k)a 2
5 [(aMAg ) ) — M, (Ag ) ) ] . (6.17)

Note that under an infinitesimal 6D gauge transformation
1
AgHAngg—aaanr---, n®—n*+uvex*+ -, (6.18)
6

one has 94A¢ + 95 A% +— 94 A + 05 A2 + (97 + 82)x*/g6 + - - -, which after KK expansion,
eq. (.20), translates at the linear level into

A(G]’k) — Ag’k) + g_Mchx(]vk‘) _|_ S n(jvk) — n(jvk) _|_ v4x(]7k) + e, (6‘19)
4

In the above, the dimensionless gauge transformation parameter, y, has an expansion

x(@*, 2t 2% = Z X(j’k)(x“)féj’k)(;c4, 2%, (6.20)
(4:%)

and the ... stand for higher order terms that, in general, mix the KK levels. It is then
clear that the inhomogeneus piece of the gauge transformation drops from 7% ¢ while
the orthogonal combination, flg’k)a, shifts under the gauge transformation. flg’k) is the
generalization of the would-be Nambu-Goldstone boson of sections 2 and 3 to the case
where the gauge symmetry is broken by a constant scalar VEV. Note that in the unitary
gauge, & — 00, each KK level gauge boson eats a linear combination of A4, As and 7.

As a result of the modification arising from vg in the gauge fixing term, eq. (.§), the

ghost Lagrangian, eq. (B.1§), receives a new contribution
—Eggug e, (6.21)

where a runs over the broken components only. Hence, in the presence of the Higgs VEV,
the KK masses associated with the broken components of the ghost fields are \/EMIS{’k),

where Mﬁij’k) was defined in eq. (p.19), while those associated with the unbroken ones
remain at /EM,
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6.2 Trilinear and quartic couplings

The interactions among KK modes follow from the nonlinear terms in eq. (6.5). These can

be derived by expanding U, in a power series:

A R
UpOaUy = i00i) = 5 [0a7), 1] = 57 [Oacit, ) )] + -+
. L1 oo 0 oA
UjAally = Ao + At — & (Aol ] — = (g i) 4o (622)
where [...,...] is the commutator and 7 = n/vs.

The interaction terms up to quadratic order in  and A, that appear in the Lagrangian

Lo are
A 1 . 3
_gﬁ (4v6h® + h*) + 5 (206h + 1) &) (Dui) — g544)* D0 - (6.23)

Higher order terms in 1 and A, include additional trilinear and quartic interactions involv-
ing the h scalar,

oo s+ 20) @ {5 0,0.10°7.41) + 00 [10u)A" — @uia%i] P o, (0:2)

interactions of three 7 fields with an A,
g6 o 2 . ICTN . A A AN\ A . RPN -
oG P} [(aom) (A%, 0% =7 [A%, 0] i) + 1(0a) [0, A%] = [, A%] (Oat) 77} ®,  (6.25)
quartic interactions among the n fields,

5| {% (@) [@u, ] ] + F) + [0 m?} By, (6.26)

and interactions involving five or more fields.
Replacing the KK expansions, eq. (p.23) leads to trilinear interactions involving the
spin-1 modes

v 5(()j(1]’§1)(j2’kQ)(jS’kS)h(jl’kl)‘i>g iaun(jQ’kQ) _ g4A(j2,k‘2) iaﬂn(js,k‘s) _ g4A(J'3,k3)ﬂ (i)o ]
9 b v4 /’L

U4
(6.27)
Additional trilinear couplings of a spin-1 mode, coming from eq. (), are given by

%’ 4 5((){(1]551)(]'2&2)(13,@) b [n(jl,m) <3Mn(jz,kz)> A}(jm) _ (aun(jl,m)) A}(;g,m) n(ja,ka)] by,
(6.28)
In the above two equations, one should express n(j’k) in terms of the mass eigenstates ﬁ(j’k)
and AU by inverting egs. (p.14)):
G

a 1 ik a ~(5,k)a
n(]yk‘) = —M(]}k) (Mj7kn(J’k) +g4U4A(CZv ) ) ) (6'29)
A

,18,



except for the zero-mode, which is given by eq. (b.15). There are also trilinear interactions
among scalars which include at least one hU*) field and no derivatives:

V4 h(ﬂ’kl) { a 5)\4 5(()]76:(];1)(]2’k2)(j37k3)h(]2’k2)h(]3’k3) + Tj27k2T;S,k35(()]7(‘%:191)(]27@)(]3’]63)

x Bf (g AT+ i, 102520 ) (Gu AT — oy, g 705 éo} . (6.30)
where we defined the KK-number-dependent, dimensionless ratios

Wik = (6.31)

The remaining trilinear couplings involve only 7(7:F), Ag’k) and Ag’k)

derived from eq. (p.24).
The quartic interactions include terms involving AU*) and the spin-1 fields,

scalars, and can be

%6((){(1]:310)...(]‘4,164)h(j1,k‘1)h(j2,k2)(i)$ (iaﬂn(j3,k3) _ g4Ag3,k3)> (%48#7704,164) _ g4A(j4,k4)ﬂ> (i)o’

| (6.32)
as well as the spinless fields hU*), Ag’k) and Uk
B,k p, (G2,k2) {—g)\zl 586:5,10) (Ja:ka) 1, (43 ,k3) p, (Ga.ka) + Tjg,kgrl,m(s((fé:;ll) (Ja,ka)

X(i):g <g4Ag3’k3) + Z'wj&kgﬁ(j?”k?’)) (g4Ag4,k4) _ iwj47k4ﬁ(j4’k4)>(i)0} . (6.33)

The higher order terms in egs. (f.24), (6.25) and (6.26) lead to additional quartic couplings
among KK modes, which include at most a single 4D spin-1 field. These couplings are
straightforward to derive but have long expressions so that we do not display all of them
here.

We end this section by observing that the Abelian case can be recovered from the
previous formulae by setting dy =1, and considering a single gauge index a.

7. Conclusions

Gauge theories in six dimensions may be relevant for physics beyond the Standard Model
provided the size of two dimensions is below 10716 cm. Theories of this type have been
proposed in the past, with compactification scales ranging from the electroweak scale to the
GUT scale. This paper presents the first in-depth study of the gauge interactions among
KK modes. We have concentrated on the simplest compactification of two dimensions that
leads to zero mode fermions of definite 4D chirality, namely the “chiral square” defined in
ref. H].

After identifying a gauge fixing procedure appropriate for this compactification, we
have determined a set of gauge invariant boundary conditions for gauge fields. The ensuing
KK decomposition of a 6D gauge field A%, o =0,1,...,5, includes a tower of spin-1 modes,
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Ag’k), that have a zero mode (j = k = 0), and two towers of spin-0 modes that have no
zero mode, Aflj k) and Aéj ’k), where the pair of KK numbers (j, k) take the integer values
7> 1, k> 0. The spin-1 zero mode is associated with the unbroken 4D gauge invariance,
while the other spin-1 modes become heavy. Each nonzero spin-1 mode, A,(f’k), has a
longitudinal polarization given by a linear combination of Aflj k) and Aéj *) " The linear
combination Ag’k) of spin-0 modes that play the role of Nambu-Goldstone boson eaten
by the heavy spin-1 mode de)pends on the KK numbers, as shown in eq. (R.21)). The

degree of freedom. Therefore, unlike the case of one extra dimension, where the extra

orthogonal combination, Ag’k , 18 gauge invariant and remains as an additional physical
components of the gauge field can be gauged away, any gauge field in two extra dimensions
implies the existence of a tower of heavy spinless particles in the adjoint representation of
the gauge group (“spinless adjoints”), whose interactions depend on the KK numbers.

The self-interactions of 6D non-Abelian gauge fields induce the following terms in the
4D Lagrangian involving KK modes: trilinear couplings of spin-1 modes, given in eq. (B-4);
couplings of two spin-1 modes and one spin-0 mode, and couplings of three spin-0 modes,
given in eq. (B.H); quartic couplings of spin-1 modes, couplings of two spin-1 modes and
two spin-0 modes, and quartic couplings of spin-0 modes, given in eq. (B.9); and finally,
couplings of one spin-1 mode, or one spinless adjoints, and two modes of the ghost field,
given in egs. (B.19) and (B.20), respectively.

The gauge interactions of a chiral 6D fermion induce couplings of a gauge field mode to
fermion modes of both 4D chiralities. These depend on the 4D chirality of the zero-mode
fermion. The spin-1 modes couple to fermion modes according to eqs. (), (L.9), ([E.11),
and (4.19), while the Yukawa couplings of the spinless adjoints to the fermion modes are
given in eqs. ({10) and ({.13).

The gauge interactions of a 6D scalar field induce couplings of two scalar modes to one
or two spin-1 modes, given in eq. (5.4) and (f.J), and also to one or two spinless adjoints,
given in egs. (f.4) and (F.7). A 6D quartic self-interaction of a scalar induces quartic
couplings of the scalar modes, as in eq. (f.§).

We have also studied the case where the gauge symmetry is broken by a the VEV of
a 6D scalar that has a zero mode. In this case, all gauge KK modes receive a contribution
to their mass from the spontaneous breaking. The longitudinal polarizations of the heavy
KK modes are now given by a linear combination of A4, As and the scalar that acquires
the VEV, as shown in eq. (p.14). The longitudinal polarization of the would-be zero-mode
gauge field is provided by the zero-mode of the additional spinless adjoint, as given in
eq. (p.15). We showed how the longitudinal modes and additional scalars can be identified
by studying the transformation properties under 6D gauge transformations. We displayed
the interactions of these scalars with the spin-1 modes and among themselves in egs. (f.27)-
633

All the couplings among various KK modes mentioned above are induced at tree level
by bulk interactions. Loop corrections generate operators localized at the three conical
singularities of the chiral square. Even though these preserve KK parity, they lead to ad-
ditional couplings among KK modes. These are perturbative corrections, but nevertheless
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may have important phenomenological consequences as they give rise to mixing among all
KK modes belonging to the same tower. This effect is studied in a subsequent paper [[L4].

The detailed construction of 6D gauge theories with explicit boundary conditions pre-
sented here opens up various theoretical and model building avenues of research, including
issues pertaining to symmetry breaking by boundary conditions [[§], relation to other
compactifications L], the structure of gauge and gravitational anomalies on a compact
space [[[7], and latticized or deconstructed [[§] versions of the chiral square compactifica-
tion.

Given the constraints on the compactification scale of universal extra dimensions from
electroweak measurements [[L9], flavor-changing processes [R(] or collider searches [[L, R,
are as low as a few hundred GeV, it would be particularly interesting to use the tools
developed here for analyzing the phenomenological implications of the Standard Model
in two universal extra dimensions compactified on the chiral square. That model is well
motivated by the natural happenstances of proton stability, constraint on the number of
fermion generations, and existence of a dark matter candidate. More generally, the spectra
and interactions derived here are relevant for any extensions of the Standard Model in the
context of 6D theories.
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